Abstract. In this paper, we propose a novel method to test if a non-uniform filter bank can achieve perfect reconstruction via a tree structure. The set of decimators is first sorted in an ascending order. A non-uniform filter bank can achieve perfect reconstruction via a tree structure if and only if some or all of the channels corresponding to the maximum decimation ratio can be grouped into one channel, and the procedure can be repeated until all the channels are grouped together.
Introduction
Non-uniform filter banks play an important role in this decade and they are widely applied to digital image compression [3, 6, 7, 9, 13] . By realizing a non-uniform filter bank via a tree structure [1, 2, 4, 5, [10] [11] [12] , the filter length in the filters is reduced, improving the computation complexity and the implementation speed [14] . However, not all the non-uniform filter banks can be realized via a tree structure [5, 8, [10] [11] [12] . A method to compute the number of combinations of sub-trees is proposed [8] to test if the decimators in the non-uniform filter bank can be generated by a tree structure. However, even though the decimators can be generated by a tree structure, this does not imply that the non-uniform filter bank can be generated by a tree structure. This is because the analysis filters are ignored in the consideration. In this paper, the necessary and sufficient conditions for a nonuniform filter bank to be realized by a tree structure are addressed.
The necessary and sufficient conditions are discussed in section II and illustrative examples are presented in section III.
Finally, a conclusion is given in section IV.
Necessary and Sufficient Conditions for Realizing a Non-uniform Filter Bank via a Tree Structure
Let the ordered set of decimators {n 0 ,º ,n 0 ,º ,n N-1 ,º,n N-1 } be D , where n i >n j for i>j, and the multiplicity of n i in D be p i .
Let the corresponding analysis filters and synthesis filters be
If there exists a set of filters such that: 
By repeating the above grouping procedure, if all the channels can be grouped together, and eventually only one channel is left, then the non-uniform filter bank can achieve perfect reconstruction via a tree structure.
Theorem 1
A non-uniform filter bank can achieve perfect reconstruction via a tree structure if and only if all the channels can be grouped together by the above grouping procedure.
Proof:
The if part is proved in the above. Now, let's consider the only if part. Since the non-uniform filter bank can be realized by a tree structure, ∃n i ∈D such that n i =n N-1 /K N-1 , and a set of filters
. But do those filters satisfy equation (3)? Or in other words, if some of the analysis filters in a sub-tree are linearly dependent, does there exist a set of synthesis filters such that the whole system still achieves perfect reconstruction? 
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, we have: 
Let the matrix in equation (5) be H. By examining equation (5) and applying Cramer' s rule to equation (4), we find that the determinants of the matrices by deleting the first row and any columns are zero. By the modulation principle, we find that the determinants of the matrices by deleting the last row and any columns are zero. Let the rank of the matrix by deleting the first row of H be r, and that of the matrix by keeping the first r+1 rows of H be 
, which contradicts the assumption. Hence, if some of the analysis filters in a sub-tree are linearly dependent, there does not exist a set of synthesis filters such that the whole system achieves perfect reconstruction. This proves the only if part and the theorem. 
